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ABSTRACT 
STATISTICAL POROUS MEDIA HYDRODYNAMICS 
An i n v e s t i g a t i o n  was made of t h e  s t o c h a s t i c  a s p e c t s  of 
s i n g l e  and mul t ip l e  phase flow through porous media. 
The complete correspondence between t r a n s p o r t  theory  and 
thermodynamics has been e s t ab l i shed ,  and t h e  c o r o l l a r i e s  
of t h e  thermodynamic s t a b i l i t y  condi t ions  i n  t r a n s p o r t  
theory have been inves t iga ted .  A f u r t h e r  development of 
t h e  usua l  correspondence between t r anspor t ed  q u a n t i t i e s  
and thermodynamics has  been obtained by an at tempt  t o  
extend t h e  theory t o  non-posit ive d e f i n i t e  t r anspor t ed  
q u a n t i t i e s .  The theory  has  then been app l i ed  t o  flow 
through porous media, a s  exemplified by groundwater flow. 
A genera l  i n v e s t i g a t i o n  has  been made of t h e  p o s s i b i l i t y  
of t h e  development of a s teady s t a t e  i n  f r o n t a l  d i sp lace-  
ment processes  i n  porous media with  and without " f inge r s" ,  
w i th  t h e  r e s u l t  t h a t  s t a b i l i z a t i o n  appears impossible.  
F i n a l l y ,  a new type of s t a t i s t i c a l  model f o r  flow through 
porous media was i n v e s t i g a t e d ,  based on a random ensemble 
of topo log ica l  graphs. 
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A. GENERAL DESCRIPTION 
1. In t roduc t ion  
From summer 1966 t o  summer 1968, an i n v e s t i g a t i o n  
was conducted a t  t h e  Department of  Mining, Metallurgy and 
Petroleum Engineering of  t h e  Universi ty  of I l l i n o i s  i n t o  
t h e  theory of s t a t i s t i c a l  porous media hydrodynamics under 
t h e  sponsorship of  t h e  Water Resources Research Of f i ce  of 
t h e  U. S. Department of t h e  I n t e r i o r ,  through t h e  Water 
Resources Center of t h e  Universi ty  of I l l i n o i s .  
2.  Backsround His tory  
Regarding t h e  h i s t o r y  of the  problem, we note 
t h a t  t h e  flow of f l u i d s  through porous media i s  a r a t h e r  
complicated process. Attempts have the re fo re  been made t o  
descr ibe  such flow i n  terms of s t a t i s t i c a l  mechanics. The 
f i r s t  at tempt (Scheidegger, 1954) was a random-walk model, 
which l e d  t o  a d i f f u s i v i t y  equat ion descr ib ing  the  spread 
of a c o n t a ~ i n a n t  o r  miscibly in t rud ing  f l u i d  i n  a porous 
medium. Subsequent experiments confirmed t h e  p red ic t ion  
of t h e  theory,  noteably t h e  exis tence  of a d i spe r s ive  
a c t i o n  i n  a porous medium. The random walk model was 
unsa t i s fac to ry  inasmuch a s  it made very s p e c i f i c  assumptions 
about t h e  microscopic phenomena involved. Therefore,  a 
much more gene ra l  approach was t r i e d  i n  which t h e  p rope r ty  
of t h e  amount of t r a c e r  be ing  a cons t an t  of  t h e  motion, 
was exp lo i t ed .  (Scheidegger,  1961) Th i s  enabled one t o  
make a formal analogy wi th  Gibbsian s t a t i s t i c a l  mechanics, 
t h e  t o t a l  mass of  contaminant p l ay ing  t h e  r o l e  o f  t h e  
Hamiltonian.  This ,  t oge the r  w i t h  t h e  assumptions of  t h e  
c a n o n i c i t y  o f  t h e  ensembles involved,  of t h e  l i n e a r i t y  o f  
t h e  f l u c t u a t i o n  r eg re s s ion ,  and o f  Onsagerl s p r i n c i p l e  
of microscopic r e v e r s i b i l i t y ,  enabled one t o  deduce t h e  
d i s p e r s i o n  equa t ion  from pure ly  s t a t i s t i c a l  reasoning.  
La te r ,  t h e  e x t e n t  of  t h e  analogy between t h e  
u sua l  energy-based s t a t i s t i c a l  mechanics and mass d i s -  
p e r s i o n  phenomena was f u r t h e r  explored.  I t  h a s  been shown 
t h a t  i n  t h e  equ i l i b r ium c a s e  t h e  i n t e r a c t i o n  func t ion  
a s  used i n  t h e  energy-based s t a t i s t i c a l  mechanics of  s o l i d s  
o r  weakly coupled gases  e n t a i l s  a  corresponding r e s u l t  i n  
mass-dispersion systems. Examples of s p e c i f i c  t r a n s p o r t  
equa t ions  have been c a l c u l a t e d .  The analogy can a l s o  be  
extended t o  i r r e v e r s i b l e  thermodynamics. I t  has  been shown 
t h a t  Z i e g l e r t s  gene ra l i zed  Onsager r e l a t i o n s  e n t a i l  cor re -  
sponding r e s u l t s  i n  t h e  ca se  o f  mass d i spe r s ion .  I t  has  
been shown t h a t  an approach based on t h e  t heo ry  of  Markov 
p roces ses  can a l s o  b e  used f o r  t h e  d e s c r i p t i o n  of  mass- 
based  s t a t i s t i c a l  mechanics. The c o n d i t i o n s  necessary  
f o r  t h e  maintenance o f  canon ica l  i nva r i ance  have been 
i n d i c a t e d  and a p p l i c a t i o n s  o f  t h e  t heo ry  t o  hydrodynamic 
problems have been given,  p a r t i c u l a r l y  t o  porous media 
hydrodynamics and t o  t h e  t heo ry  o f  tu rbu lence .  The above 
r e s u l t s  were publ i shed  i n  a paper co-authored by Chaudhari 
and Scheidegger,  (1965) .  I n  a f u r t h e r  paper ,  Scheidegger 
(1965) showed t h a t  t h e  u s u a l  formulas of  Markov theo ry  
can a l s o  be deduced from g e n e r a l  s t a t i s t i c a l  t r a n s p o r t  
theory .  
Furthermore, a d d i t i o n a l  a n a l o g i e s  between thermo- 
dynamics and mass- t ranspor t  w e r e  e s t a b l i s h e d ;  some funda- 
mental  i n s i g h t s  i n t o  t h e  r e l a t i o n  between t r a n s p o r t  equa t ions  
i n  mi sc ib l e  and immiscible displacement p roces se s  w e r e  
ob ta ined ,  p a r t i c u l a r l y  w i t h  r e g a r d  t o  t h e  i n t r i n s i c  
s t a t i s t i c a l  s i g n i f i c a n c e  of  t h e  two t y p e s  of  equa t ions  
d e s c r i b i n g  t h e s e  p roces se s  (Scheidegger ,  1967a) .  
3 .  S p e c i f i c  A i m s  and Achievements of  P r o j e c t  
Based upon t h e  above h i s t o r y ,  it was t h e  aim 
of t h e  r e s e a r c h  p r o j e c t  under d i s c u s s i o n  t o  f u r t h e r  
e x p l o i t  t h e  analogy between t r a n s p o r t  p roces se s  and thermo- 
dynamics. Thus, t h e  complete correspondence o f  a l l  t h e  
thermodynamic f u n c t i o n s  i n  t r a n s p o r t  t heo ry  h a s  been 
e s t a b l i s h e d ,  and t h e  c o r o l l a r i e s  of  t h e  thermodynamic 
s t a b i l i t y  cond i t i ons  have been i n v e s t i g a t e d  (Tomkoria, 
1967 [M.S. t h e s i s ] ;  Tomkoria and Scheidegger,  1967) .  An 
i n t e r e s t i n g  f u r t h e r  development o f  t h e  u sua l  correspondence 
between t r a n s p o r t e d  q u a n t i t i e s  and thermodynamics i s  
ob ta ined  i f  an  a t tempt  i s  made t o  extend t h e  theory  t o  
non-posi t ive  d e f i n i t e  t r a n s p o r t e d  q u a n t i t i e s .  S ince  t h e  
correspondence w i t h  thermodynamics i s  based on an analogy 
wi th  energy,  and energy i s  never nega t ive ,  s p e c i a l  arguments 
have t o  be  used i f  non-posi t ive  q u a n t i t i e s  a r e  t r a n s p o r t e d  
(Chung and Scheidegger , t o  be  publ i shed)  . 
The c o r o l l a r i e s  of  t h e  thermodynamic s t a b i l i t y  
cond i t i ons  i n  t r a n s p o r t  t heo ry  have been app l i ed  t o  flow 
through porous media, whereby an important  a p p l i c a t i o n  t o  
t h e  t heo ry  of  groundwater f low i s  obta ined .  Thus, a  
gene ra l  i n v e s t i g a t i o n  has  been made o f  t h e  p o s s i b i l i t y  
of  t h e  development of  a  s teady  s t a t e  i n  f r o n t a l  d i s -  
placement p roces ses  w i t h  and without  " f i n g e r s "  i n  porous 
media. I t  was shown t h a t ,  based on t h e  t h e o r i e s  a v a i l a b l e  
t o  d a t e ,  such displacement p roces ses  always appear t o  b e  
uns t ab l e ;  i . e .  t h e  " l eng th"  of t h e  " f r o n t "  over which t h e  
t r a n s i t i o n  from t h e  d i s p l a c e d  f l u i d  t o  t h e  d i s p l a c i n g  one 
occurs ,  grows i n d e f i n i t e l y .  (Scheidegger,  1968) . 
F i n a l l y ,  a  new t y p e  o f  s t a t i s t i c a l  model f o r  
f low th rough  porous  media was i n v e s t i g a t e d .  Rather  t han  
t r e a t i n g  such f low a s  a  random walk p roces s ,  t h e  f low 
p a t t e r n s  w e r e  r ega rded  a s  random r e a l i z a t i o n s  o f  an  
ensemble c o n t a i n i n g  a l l  p o s s i b l e  f low p a t t e r n s .  These 
ensembles w e r e  c r e a t e d  on a  computer (L iao  and Scheidegger ,  
The d e t a i l s  of  t h e  v a r i o u s  i n v e s t i g a t i o n s  w i l l  
b e  p r e s e n t e d  i n  t h e  remaining s e c t i o n s  of  t h i s  r e p o r t .  
4. Review 
Thus, i n  review,  t h e  g r a n t  produced 4 s c i e n t i f i c  
pape r s  ( 2  of  which have a l r e a d y  been pub l i shed ,  t h e  o t h e r s  
w i l l  b e  pub l i shed  s h o r t l y )  a s  w e l l  a s  one M.S. t h e s i s .  
The proposed aims i n  t h e  o r i g i n a l  g r a n t  a p p l i c a t i o n  w e r e  
e s s e n t i a l l y  completed. 
During t h e  d u r a t i o n  of  t h e  g r a n t ,  4 g r adua t e  
s t u d e n t s  (H.  Pulpan,  B. Tomkoria, C .  Chung, H. ~ i a o )  w e r e  
suppor ted  a t  v a r i o u s  l e v e l s  of  t h e i r  g r adua t e  s t u d i e s .  
B. THERMODYNAMIC ANALOGY FOR POSITIVE-DEFINITE TRANSPORTED 
QUANTITIES (TOMKORIA 1967, TOMKORIA AND SCHEIDEGGER, 
1967).  
1. The Analoqy f o r  Thermodynamic Funct ions  
Let  u s  cons ider  a t r a n s p o r t  p roces s  i n  which 
a c e r t a i n  amount Q ( p o s i t i v e )  of t h e  p rope r ty  i n  ques t ion  
i s  f lowing a long w i t h  t h e  main s t ream of  a f l u i d .  Fur ther -  
more, we assume t h a t  t h i s  amount Q of t h e  p rope r ty  contained 
i n  a c e r t a i n  volume V of t h e  f l u i d  i s  i s o l a t e d  from t h e  
r e s t  of  t h e  f l u i d ,  i . e . ,  t h a t  t h e r e  i s  no t r a n s f e r  of t h e  
p rope r ty  a c r o s s  t h e  boundary of  V. 
Such a system i s  an i s o l a t e d  conse rva t ive  system; 
t h e  t o t a l  amount Q of  t h e  p rope r ty  d conta ined  i n  it must 
remain cons tan t :  
ddb2 = H = cons t an t ,  
v 
where denotes  t h e  p rope r ty  d i s t r i b u t i o n  i n  t h e  space 
considered.  
Consequently, one g e t s  a system where t h e  pro- 
p e r t y  concen t r a t i on  i s  a cons t an t  of  t h e  motion. Th i s  
p rope r ty  concen t r a t i on  can then  b e  c a l l e d  H. Let  u s  now 
s p l i t  our  amount Q of t h e  p rope r ty  i n t o  N i n d i v i d u a l  c e l l s ,  
each con ta in ing  an amount d of  t h e  p rope r ty  d. Thus i 
t h e  i t h  i n d i v i d u a l  c e l l  w i l l  con ta in  t h e  amount 6 of  t h e  i 
prope r ty .  Hence, 
Thus, one can w r i t e  an  equa t ion  which i s  analogous t o  
t h e  Hamiltonian equat ion:  
I f  one assumes t h a t  
where t h e  p ' s  a r e  always de f ined  a s  p o s i t i v e  q u a n t i t i e s ,  i 
t h e  Hamiltonian can be w r i t t e n  a s  
The exp re s s ion  f o r  t h e  q I s ,  t h e  con juga te  o f  t h e  p I s ,  i i 
a s  i n  energy-based s t a t i s t i c a l  mechanics, i s  de f ined  by 
t h e  u s u a l  canon ica l  equa t ions .  
The above equa t ions  d e s c r i b e  completely s t a t i c  
cond i t i ons ,  i .e . ,  t h e  amount o f  p rope r ty  i n  each i n d i v i d u a l  
" c e l l "  i s  a cons t an t  o f  t h e  motion. I f  one wants t o  
cons ider  i n t e r a c t i o n s  between t h e  i n d i v i d u a l  c e l l s ,  
one can modify t h e  Hamiltonian exp re s s ion  by adding an 
i n t e r a c t i o n  t e r m  U which couples  t h e  d i f f e r e n t  i n d i v i d u a l  
c e l l s .  
A s  long a s  t h e  Hamiltonian i s  given a s  above 
and a  very weak i n t e r a c t i o n  is p resen t  (between t h e  
amounts 6 contained i n  t h e  i n d i v i d u a l  c e l l s ) ,  t h e  corn- i 
ponent systems a r e  d i s t r i b u t e d  canonica l ly ,  wi th  a  pro- 
b a b i l i t y  d i s t r i b u t i o n  P i" 
where k  i s  a  cons tan t ,  T i s  t h e  analogue of  t h e  temperature,  
and Cl is  t h e  normalizat ion cons tan t .  Thus ( l e a v i n g  ou t  
t h e  index i) 
where Z is  t h e  " p a r t i t i o n  func t ion"  r equ i red  f o r  normali- 
za t ion :  
For a  canonical  ensemble, t h e  thermodynank func t ions  a r e  
def ined  a s  follows: 
S = -aF/aT = - k k  i n  P dp dq. 
I n  g a s  theory,  F i s  usua l ly  c a l l e d  t h e  f r e e  energy, T t h e  
temperature,  and S t h e  entropy; k i s  a  cons tan t .  
The average va lue  o f  t h e  p r o p e r t y  jd(p,q) over  
a  canon ica l  d i s t r i b u t i o n  i s  t h e n  
where d o  denotes  t h e  phase space over  which t h e  i n t e g r a t i o n  
i s  t aken  and 
(13) C = l dq. 
A t  equ i l i b r ium,  t h i s  must b e  equa l  t o  t h e  p rope r ty  concentra-  
t i o n  per  i n d i v i d u a l  c e l l  6 . 
0 
Then a l s o  
(14) z = + ~ 4 7 ~ .  
It  i s  seen t h a t  i f  we s e t  t h e  cons t an t  k equa l  t o  2,  t h e n  
t h e  temperature  (T) i s  d i r e c t l y  r e l a t e d  t o  t h e  t r a n s p o r t e d  






The temperature  f i e l d  i s  descr ibed  by t h e  
temperature  T. Also of  importance i s  t h e  en t ropy  S 
(g iven  by equa t ion  (18)  ) . 
The analogy between a thermal  f i e l d  and t h e  
t r a n s p o r t  p rocess  t h e n  main ta ins  t h e  fol lowing correspondences: 
(i) Temperature Correspondence ( s e e  equa t ion  ( 15).) . 
(ii) Entropy Correspondence ( s e e  equa t ion  ( 1 8 ) ) .  
Furthermore, t h e  q u a n t i t y  of  hea t  in t roduced  
i n  a given substance i s  given by 
wi th  y be ing  a hea t -capac i ty  c o e f f i c i e n t .  The analogue of  
t h i s  i n  t r a n s p o r t  p roces ses  i s  
(iii) Energy Correspondence 
For a r e g u l a r  thermodynamic system, t h e  f i r s t  
p r i n c i p l e  of  thermodynamics s t a t e s  t h a t  
o r ,  i n  d i f f e r e n t i a l s ,  
where U i s  t h e  i n t e r n a l  energy, Q i s  t h e  q u a n t i t y  of hea t  
int roduced from ou t s ide ,  and W i s  t h e  work done 
e x t e r n a l l y  on t h e  system. I n  t h e  t r a n s p o r t  p rocess  one, 
would l i k e  t o  have, t h e r e f o r e ,  a  s i m i l a r  r e l a t i o n .  
The i n t e r n a l  energy f o r  t h e  p resen t  case  could 
be der ived  from t h e  r e l a t i o n  given i n  gene ra l  s t a t i s t i c a l  
mechanics 
(23) 
where g  i s  t h e  p r o b a b i l i t y  t h a t  a system i s  i n  a  p a r t i c u l a r  i 
s t a t e  i. One o b t a i n s  
Thus we see t h a t  t h e  i n t e r n a l  energy i s  equal  t o  1 / ( 2 p ) ,  
which means t h a t  when t h e  cons tan t  k i n  t h e  express ion  
f o r  t h e  proper ty  per ind iv idua l  c e l l  = l / (kp )  becomes i 
equal  t o  2,  t h e  proper ty  per ind iv idua l  c e l l  i s  a l s o  t h e  
analogue of t h e  i n t e r n a l  energy f o r  t h e  system under 
cons idera t ion .  The analogue of hea t  capac i ty  i s  t h u s  
seen t o  be equal  t o  1. 
Let us  t r y  t o  f i n d  out  t h e  phys ica l  meaning 
of t h e  analogue of "work done" ( w ) .  For an i d e a l  gas ,  
W i s  given by 
where V i s  t h e  geometric domain i n  which t h e  v a r i a b l e s  
vary and p i s  t h e  p re s su re .  
The analogy of s e t t i n g  up p r e s s u r e  i n  t h e  t r a n s p o r t  
p roces s  i s  given by 
(26) 
which y i e l d s  w i t h  (14) 
(27) p = 26 ( l/c) ac/av, 0 
a t  l e a s t  i n  equi l ib r ium.  We can w r i t e  equa t ion  (27)  a s  
(28) p = cons t an t  B /v, 
0 
which i s  analogous t o  t h e  i d e a l  g a s  equa t ion  
provided we can w r i t e  23C/aV a s  cons t an t ,  which i s  t r u e  
s i n c e  C i s  t h e  volume of  t h e  phase space desc r ibed  by t h e  
system under c o n s i d e r a t i o n  ( s e e  equa t ion  ( 1 3 ) ) ,  and V 
f o r  C. The analogue of  work done i s  then  
where a i s  a cons t an t .  
The above r e l a t i o n s  e s t a b l i s h  t h e  complete thermo- 
dynamic analogy. 
With t h e  d e f i n i t i o n  of t h e  analogue of "work 
done" W ,  it i s  now p o s s i b l e  t o  s e t  up analogues of t h e  
thermodynamic func t ions  i n  t r a n s p o r t  theory.  
The p o t e n t i a l  U i s  def ined  by equat ion  ( 2 2 ) .  
Thus, we o b t a i n  
Hence : 
(i) Helmholtz Free  Energy. The analogue of 
Helmholtz 's  f r e e  energy F (F = U - T . S)  i s  given by 
equat ion  (16) . 
(ii) Gibbs Free Energy. The Gibbs f ree-  
energy analogue (thermodynamics @ = F + p . V)  i s  
(iii) Gibbs P o t e n t i a l .  The Gibbs p o t e n t i a l  
analogue (thermodynamics # = @ + TS) i s  
(33) 
( i v )  Heat Capacity.  The analogue of hea t  
capac i ty  can be der ived  from 
where C i s  t h e  hea t  capac i ty  analogue a t  cons tan t  volume; 
v 
and (with HE being t h e  enthalpy)  
where C i s  t h e  heat  capaci ty  analogue a t  constant  pressure.  
P 
Thus t h e  analogue of heat  capaci ty  i s  1 i n  t r a n s p o r t  . 
processes.  
These remarks show t h a t  it i s  poss ib le  t o  s e t  
up a complete analogy between t h e  t r a n s p o r t  process  and 
t h e  ord inary  thermodynamics of an i d e a l  gas. 
2. Carnot Cycle Analoq 
we' s h a l l  show t h a t  t h e  analogy es tab l i shed  
above can be extended t o  i l l u s t r a t e  t h e  Carnot cyc le  i n  
t r a n s p o r t  processes.  The Carnot cycle  i n  ordinary thermo- 
dynamics involving an i d e a l  gas  c o n s i s t s  of t h e  following 
s teps :  
1) An isothermal  expansion of a given quan t i ty  
of gas  a t  constant  temperature T 1 ' A c e r t a i n  quan t i ty  of 
hea t  Q1 i s  introduced i n t o  t h e  gas  from a heat  r e s e r v o i r  
a s  t h e  gas  performs t h e  work W 1 '
2 )  An adiabatic expansion i n  which the  temperature 
of t h e  gas  goes down from T t o  T2, and the  gas  performs 1 
t h e  work W 2 -  
3) An isothermal compression. The gas r e l e a s e s  
an amount of heat  Q t o  t h e  hea t  r e se rvo i r  a t  temperature 2'  
T2 ' and t h e  work done on t h e  gas  i s  W 3' 
4)  An a d i a b a t i c  compression o f  t h e  gas. The 
gas  temperature  goes up from T t o  T1. The work done on 2 
t h e  gas  du r ing  t h i s  phase i s  W 4' 
The f i r s t  p r i n c i p l e  o f  thermodynamics s t a t e s  
t h a t  f o r  t h e  above Carnot cyc l e  ( Q ,  W a r e  a l l  de f ined  a s  
p o s i t i v e )  
and from t h e  second p r i n c i p l e  
Let  u s  t r y  t o  s e e  t h e  analogy of  t h e  above 
Carnot cyc l e  i n  a  t r a n s p o r t  process .  We assume t h a t  i n  
t h e  beginning t h e r e  i s  a  c e r t a i n  concen t r a t i on  of t h e  
p rope r ty  i n  t h e  t r a n s p o r t  p roces s  of  q u a n t i t y  Q flowing 
wi th  t h e  main s t ream of  volume V i n  a  l i n e a r  experiment,  
showing t h e  average p rope r ty  concen t r a t i on  #. pe r  
1 
i n d i v i d u a l  c e l l  a t  some given modulus of  t h e  canon ica l  
ensemble. The s t e p s  of  t h e  Carnot c y c l e  w i l l  t hen  be: 
1) The t r a n s p o r t e d  p rope r ty  i s  extended t o  a  
d i s t a n c e  L f r o m L  (volume V t o  volume V i f  we assume 2 1 1 2 * 
t h e  movement of  u n i t  c r o s s - s e c t i o n a l  a r e a )  w i t h  6. being  
1 
h e l d  a t  The q u a n t i t y  t o  be  added t o  t h e  t r a n s p o r t  
p rocess  i n  o rde r  t o  do t h i s  i s ,  say,  HI. Thus, t h e  g a i n  
of entropy i s  
The work done by t h e  t ranspor ted  property is ,  say, 
(39) w1 = Ad11n(L2/L1). 
This  i s  an " isothermal"  process  and A i s  a  constant .  
2 )  An expansion wi th  no quan t i ty  added o r  
subt rac ted  ( "adiabat ic"  process)  . The value of d .  
' 1  
decreases  from gf t o  d2. The entropy remains constant .  1 
The work' done by t h e  t r anspor ted  property  is 
The f r o n t  i s  extended from L t o  L 2 3' B i s  a  con,stant. 
3) The t ranspor ted  property i s  compressed a t  
constant  concentrat ion of t h e  property held a t  d An 2 '  
amount H of t h e  property i s  taken from t h e  system 2 
(withdrawal of a  quan t i ty  H of t h e  proper ty) .  The l o s s  2 
of entropy i s  
The f r o n t  has moved from L t o  L 3  4' Work done i n  t h i s  
" isothermal"  process on t h e  t ranspor ted  property i s  
4)  The t r a n s p o r t e d  p rope r ty  i s  compressed some 
more w i t h  no q u a n t i t y  added o r  s u b t r a c t e d  ( " a d i a b a t i c "  
p r o c e s s ) .  Thus, di r i s e s  from p( t o  dl. The entropy i s  
2 
cons t an t .  The movement o f  t h e  f r o n t  i s  from L  t o  L5. 4  
The work done on t h e  t r a n s p o r t e d  p rope r ty  i n  t h e  t r a n s p o r t  
p roces s  i s  
(43) w4 = B ( d l  - d2) .  
Now, from t h e  f i r s t  p r i n c i p l e  of  thermodynamics 
( i . e . ,  i t s  analogy i n  t h e  p r e s e n t  c a s e ) ,  we have t h a t  t h e  
work done by t h e  t r a n s p o r t e d  p rope r ty  i n  t h e  p roces s  i s  
= A[d11n(L2/L1) - d21n(L4/L3) 1. 
From t h e  second p r i n c i p l e  o f  thermodynamics 
( i . e . ,  i t s  analogy i n  t h e  p r e s e n t  case)  we have t h a t  t h e  
l o s s  of  entropy l e s s  t h e  g a i n  o f  en t ropy  i s  zero.  
Hence, 
The l a t t e r  i s  nothing b u t  t h e  s ta tement  of  t h e  
conserva t ion  of  mass i n  t h e  system, which i s  c e r t a i n l y  
c o r r e c t ,  s i n c e  we assume t h e  system t o  be  i s o l a t e d  
and conse rva t ive  . 
Since,  i n  thermodynamics, t h e  Carnot cyc l e  
t rans forms  work i n t o  h e a t ,  i n  our  analogy it connec ts  
t h e  t r a n s p o r t e d  p rope r ty  w i t h  t h e  concen t r a t i on .  
3 .  Steady-State  Condi t ions  
( a )  I n t r o d u c t i o n  
I n  o rd ina ry  thermodynamics t h e r e  i s  a wel l -  
known cond i t i on  f o r  a system i n  a s t eady  s t a t e  t o  s a t i s f y :  
t h e  produc t ion  r a t e  of en t ropy  throughout t h e  system 
must occur a t  a  minimum r a t e .  To t h e  e x t e ~ n t  t h a t  t h e r e  
i s  a complete thermodynamic analogy i n  mass t r a n s p o r t ,  
t h e  above p r i n c i p l e  o f  "entropy" produc t ion  must a l s o  be  
s a t i s f i e d .  
(b) The Analogy 
We have e s t a b l i s h e d  t h e  fol lowing analogues 
between h e a t  flow and t r a n s p o r t  processes :  ( i) temperature  
(T)  p rope r ty  concen t r a t i on  per  i n d i v i d u a l  c e l l  ( 6 ) ;  
( i i )  amount o f  h e a t  (Q) ++ amount of p rope r ty  ( s i n c e  t h e  
hea t -capac i ty  analogue i s  I) ; (iii) hea t  flow ( J )  (energy 
flow per  u n i t  of t ime per  u n i t  of  a r e a )  e prope r ty  f l u x  
(measured a s  u n i t s  per  u n i t  t ime per  u n i t  a r e a  i n  t h e  
p roces s  o f  t r a n s p o r t a t i o n ) .  
According t o  DeGroot (1961) ,  t h e  en t ropy  pro- 
duc t ion  r a t e  i s  g iven  by 
where t h e  sum i s  t o  be t aken  over a l l  p a r t s  o f  t h e  system. 
Thus, i n  our t r a n s p o r t  p roces s ,  we w i l l  have 
We t h u s  have t h e  c o r o l l a r y  from thermodynamics 
t h a t ,  i n  a  t r a n s p o r t  p roces s  too ,  t h e  s teady  s t a t e  i s  
reached  when t h e  produc t ion  r a t e  o f  en t ropy  i s  a  minimum. 
I n  our case ,  t h e  t r a n s p o r t  o f  t h e  p rope r ty  J 
i n  a  f l u i d  s t ream e q u a l s  t h e  amount of p rope r ty  t r a n s p o r t e d  
(we c a l l  it t h e  " f l u x "  of  t h e  p rope r ty )  from a  r e s e r v o i r ,  
and i s  g iven  i n  u n i t s  per  u n i t  of  flm a r e a  per  u n i t  -o f  
t ime.  The r a t i o  J/d w i l l  t hen  r e p r e s e n t  t h e  p r o p o r t i o n a l  
r a t e  of f l u x  of t h e  proper ty .  I n  a  s t eady  s t a t e ,  t h e  
t ime r a t e  of  f low of  t h e  p rope r ty  i s  cons t an t .  Th i s  
occu r s  when t h e  sum of  a l l  t h e  d i f f e r e n c e s  i n  t h e  
r a t i o  J/d i s  a s  smal l  a s  p o s s i b l e .  Consider a  s e c t i o n  
a t  a  p o i n t  w i t h  t h e  p rope r ty  per  i n d i v i d u a l  c e l l  be ing  
d and another  s e c t i o n  a t  a  d i s t a n c e  i n  t h e  d i r e c t i o n  
of f low w i t h  t h e  p rope r ty  be ing  d - &f. Thus t h e  change 
i n  t h e  r a t i o  i n  t h e  element AK, 
i s  t o  be  a  minimum, o r  
- SB dx = a  minimum. 
A B 
Thi s  i s  t h e  analogue o f  t h e  minimum ent ropy  produc t ion  
i n  thermodynamics. 
( c )  Transpor t  Processes  
Two c a s e s  of t r a n s p o r t  p rocesses  w i l l  b e  
considered:  (i) where t h e  t r a n s p o r t  r a t e  i s  r e l a t e d  
t o  t h e  g r a d i e n t  o f  t h e  p rope r ty  concen t r a t i on  pe r  i n d i v i d u a l  
c e l l  o r  (ii) where it i s  independent o f  it. 
(a) Case I.  Transpor t  Rate Independent 
of  t h e  Gradient  of t h e  Proper ty  Concentra t  ion  
(i) Flux cons t an t .  Let  us  assume a  cons t an t  
r a t e  of p rope r ty  t r a n s p o r t  i n  t h e  process .  Then J = cons t an t ,  
and 
where 6 denotes  t h e  v a r i a t i o n .  The u s u a l  methods of  
c a l c u l u s  of  v a r i a t i o n s  can be  used t o  make t h e  i n t e g r a l  
extreme. However, t h e  Euler  equa t ion  becomes an i d e n t i t y ,  
because t h e  express ion  under t h e  i n t e g r a l  s i g n  i s  a  t o t a l  
d i f f e r e n t i a l .  Thus t h e  i n t e g r a l  i s  dependent on t h e  end 
p o i n t s ,  and i s  independent of t h e  curve jd = d ( x )  . The 
gene ra l  s t a t i s t i c a l  p r i n c i p l e s  p e r t a i n i n g  t o  a  s teady 
s t a t e  do not make any p r e d i c t i o n  w i t h  r ega rd  t o  t h e  v a r i a t i o n  
of t h e  concent ra t ion  g rad ien t  i n  t h e  t r a n s p o r t  process  
w i t h  cons tan t  r a t e  of t r a n s p o r t .  
( i i )  Flow p resc r ibed  e x t e r n a l l y .  Let us  
assume t h a t  t h e  r a t e  of proper ty  t r a n s p o r t  J changes 
between two p o i n t s  i n  t h e  t r a n s p o r t  process  (dl, xl: 6 2 ,  
x  ) i n  a  manner p resc r ibed  e x t e r n a l l y  such t h a t  2 
(51) J = ~ ( x ) .  
From t h e  entropy p r i n c i p l e  
t h e  Euler equat ion  becomes 
so  t h a t  t h e  problem has  no so lu t ion .  
( i i i )  Transport  r a t e  i s  a  func t ion  of 
proper ty-concentrat ion.  I f  t h e  f l u x  J of t h e  proper ty  
v a r i e s  wi th  t h e  concent ra t ion  of t h e  proper ty  a s  
then  
(55) 2 6S(d1/d  ) J ( d ) d x  = 0 .  
W e  g e t  (53) aga in  f o r  t h e  Euler  equa t ion  s o  t h a t  t h e  problem 
aga in  h a s  no s o l u t i o n .  
( i v )  Transpor t  a  func t ion  of  t h e  f low 
r a t e  of  t h e  main stream. Assume now t h a t  t h e  f l u x  of  t h e  
p rope r ty  is  a  f u n c t i o n  of t h e  f low r a t e  of  t h e  main 
s t ream i n  which t h e  p rope r ty  i s  t r a n s p o r t e d ,  s o  t h a t  
where V i s  t h e  f low r a t e  o f  t h e  main stream. The en t ropy  
p r i n c i p l e  then y i e l d s  
s o  t h a t  t h e  Euler  equa t ion  becomes 
Thus e i t h e r  
(59) 
which aga in  reduces  t o  equa t ion  (53) , o r  
which does no t  l e a d  t o  a  meaningful condi t ion .  
These remarks i n d i c a t e  t h a t ,  where t r a n s p o r t  i s  
independent of t h e  g r a d i e n t  o f  t h e  p rope r ty  concent ra t ion ,  
t h e  g e n e r a l  s t a t i s t i c a l  p r i n c i p l e s  p e r t a i n i n g  t o  t h e  s t eady  
s t a t e  do no t  l e a d  t o  any s ta tement  a s  t o  how t h e  concentra-  
t i o n  of  t h e  p rope r ty  v a r i e s .  
The v a r i a t i o n  i n  t h e  concen t r a t i on  can be  c a l -  
c u l a t e d  i n  t h e  same manner a s  i n  t h e  corresponding c a s e  
i n  h e a t  flow. I n  t h e  case  o f  h e a t  f low i n  a  uniform rod,  
t h e  temperature  i s  governed by t h e  equa t ion  
(61) 2  2  0 = a ~ / a t  = cons t an t  - a T / ~ X  . 
I n  t h e  t r a n s p o r t  p rocess  under cons ide ra t ion ,  t h i s  l e a d s  
t o  a  meaningful analogy. 
Under s t e a d y - s t a t e  cond i t i ons ,  we have 
( 6 2  1 ar/ax = cons t an t  
and 
( 6 3 )  
where a  and b a r e  cons t an t s .  Therefore ,  one would expect  
a  l i n e a r  v a r i a t i o n  i n  concen t r a t i on  f o r  t h e  s t eady  s t a t e  
w i t h  cons t an t  t r a n s p o r t  r a t e  f o r  t h e  t r a n s p o r t  p rocess .  
S ince  t h e  d i f f u s i v i t y  equa t ion  i n  h e a t  f low i s  
based a l s o  on t h e  l i n e a r  r e g r e s s i o n  of  f l u c t u a t i o n s ,  t h e  
s t e a d y - s t a t e  v a r i a t i o n  i n  p rope r ty  concen t r a t i on  depends 
i n  our ca se  on t h e  s p e c i a l  form of  t h e  i n t e r a c t i o n  func t ion  
between t h e  i n d i v i d u a l  components of  t h e  system. Thus, 
t h e  s t e a d y - s t a t e  p rope r ty  concen t r a t i on  can accommodate 
v a r i a t i o n s  o t h e r  t han  l i n e a r .  
( p )  Case 11. Transpor t  Dependent on Grad ien t  
o f  t h e  Proper ty  d(dl  ) 
Thi s  i nc ludes  t h e  t r a n s p o r t  p roces ses  i n  which 
t h e  t r a n s p o r t  r a t e  i s  dependent on t h e  g r a d i e n t  of t h e  
p rope r ty  concen t r a t i on .  
(i) Flux a  f u n c t i o n  o f  d l .  I f  t h e  t r a n s p o r t  
c a p a c i t y  of  t h e  main s t ream ( i n  which t h e r e  i s  a  flow o f  
t h e  p rope r ty )  per  u n i t  a r e a  v a r i e s  w i th  t h e  g r a d i e n t  of  
t h e  proper ty  (dl)  a s  
t hen  we o b t a i n  from t h e  en t ropy  p r i n c i p l e  (52)  
Thus, t h e  Eule r  equa t ion  becomes 
S ince  t h i s  equa t ion  i s  d i f f i c u l t  t o  t r e a t  gene ra l ly ,  a  
l i n e a r  approximation i s  used f i r s t ,  such t h a t  
where t h e  cons t an t  C i s  p o s i t i v e .  The Eule r  equa t ion  i s  
then  
The s o l u t i o n  of t h i s  equat ion i s  
(69) 
and 
where C and C a r e  cons tants .  1 2 
The boundary condi t ions  (gfl, xl; gf2, x ) can now 2 
be used t o  solve s teady-s ta te  problems. 
(ii) Flux a  power funct ion  of 6 ' .  Let us assume 
t h a t  t h e  f l u x  i s  a  power funct ion  of g f l ,  so t h a t  
Then t h e  Euler equat ion becomes 
and t h e  s o l u t i o n  i s  
The only poss ib le  values of n  a r e  i n  between 1 and -1, 
s ince  only fo r  t h i s  s e t  of values does t h e  property gf 
decrease a s  x  increases .  
(iii) Flux v a r i a t i o n  depending on t h e  product 
of discharge and gradient  of property concent ra t ion  ( g f T ) .  
Another ca se  of  t h e  t r a n s p o r t  p rocesses  assumes t h a t  t h e  
t r a n s p o r t  r a t e  o f  t h e  p rope r ty  v a r i e s  w i t h  t h e  energy 
expended per  u n i t  of  a r e a ,  which i s  t h e  product  o f  t h e  
r a t e  of  flow by t h e  concen t r a t i on  g rad ien t  of  p roper ty .  
Hence, 
where q i s  t h e  f low r a t e  of  t h e  s t ream pe r  u n i t  of a r e a  
per  u n i t  o f  t ime,  8' i s  t h e  g r a d i e n t  of  t h e  concen t r a t i on  
of t h e  proper ty ,  and a  i s  a  p o s i t i v e  exponent. The 
en t ropy  p r i n c i p l e  t hen  g i v e s  
Thus, t h e  Euler  equa t ion  i s  
This  i s  a  d i f f e r e n t i a l  equa t ion  whose s o l u t i o n  i s  
(77) 8' = C ( 8 )  2 / ( l+a)  /q, 
where C i s  a  cons tan t  of  i n t e g r a t i o n .  A s  t h e  flow i s  
downstream, 8 decreases  a s  x  i n c r e a s e s ,  and so 6 always 
decreases  w i th  an i n c r e a s e  i n  x. The s o l u t i o n  of equa t ion  
(77) i s  
8 = [C(a  - l ) / ( a  + l ) . l o g  n a t ]  ( a + l )  /(a-1) 
Thus we see t h a t  the  s teady-state  conditions 
can be described i n  t he  l i g h t  of the  p r inc ip les  of minimum 
entropy production. I f  t he  concentration gradient  of the  
property changes, then the  r a t e  of flow must a l so  change. 
However, a s  the  name "steady s t a t e "  implies, the  t o t a l  
r a t e  of flow of the  property i s  maintained, provided the  
necessary adjustments i n  the  stream can take place i n  
area, flow r a t e ,  e t c .  
C.  THERMODmAMIC ANALOGY FOR NON-POSITIVE TRANSPORTED 
QUANTITIES (CHUNG AND SCHEIDEGGER, 1968) 
1. I n t r o d u c t i o n  
Evident ly ,  t h e  analogy between energy and 
t r a n s p o r t e d  q u a n t i t y  p re sen ted  thus  f a r  works o n l y  i f  
t h e  l a t t e r  i s  a non-negative d e f i n i t e  q u a n t i t y ,  s i n c e  
energy i s  such a q u a n t i t y .  
I t  i s  of i n t e r e s t ,  however, t o  i n v e s t i g a t e  t h e  
behavior  of  non-posi t ive  q u a n t i t i e s  a s  w e l l ,  such a s  
momentum, which may p l a y  a g r e a t  r o l e  i n  p r a c t i c a l  app l ica -  
t i o n s .  I n  f a c t ,  a ca se  of  t h i s  type  has  been t r e a t e d  by 
Scheidegger (1967b) i n  connect  i o n  w i t h  t h e  meandering o f  
r i v e r s .  Our aim i s  he re  t o  t r y  t o  g e n e r a l i z e  t h e  approach 
t h a t  was e f f e c t i v e  i n  t h a t  s p e c i a l  ca se ,  so  a s  t o  make 
it workable g e n e r a l l y  i n  t r a n s p o r t  theory.  
I t  w i l l  be  shown i n  t h i s  s e c t i o n  t h a t  a thermo- 
dynamic analogy f o r  t r a n s p o r t  p roces ses  involv ing  t h e  
t r a n s p o r t  of  a non-posi t ive  d e f i n i t e  p roper ty  can indeed 
b e  s e t  up. 
2.  Attempt a t  a Thermodynamic Analoqy 
A s  noted, we a t tempt  now t o  make a thermodynamic 
analogy f o r  a system where t h e  t r a n s p o r t e d  q u a n t i t y  i s  
not  pos i t ive-def  i n i t e .  
Our procedure  w i l l  b e  accord ing  t o  t h a t  employed 
i n  connec t ion  w i t h  t h e  meandering o f  r i v e r s  (Scheidegger,  
1967b).  I n  a  meander system our problem i s  formula ted  
by  assuming t h a t  t h e  d e v i a t i o n  a n g l e s  q  a r e  random 
n  
v a r i a b l e s  w i t h i n  a  canon ica l  ensemble o f  a l l  p o s s i b i l i t i e s .  
The mean va lue  o f  q  over t h e  ensemble i s  
n  
- 
(79 1 qn = cons t an t ,  ( n  = 1 ,2 ,3 , . .  . J N ) ,  
where t h e  cons t an t  may be  ze ro  i f  t h e  r i v e r  s t r e t c h  i s  
such t h a t  t h e  beg inn ing  and end have t h e  same d i r e c t i o n .  
A canon ica l  d i s t r i b u t i o n  may b e  w r i t t e n  a s  fo l lows  %or 
any v a r i a b l e  < 
where C i s  a  cons t an t  and T i s  temperature .  I n  t h e  
meander system, l e t  m be  equa l  t o  1, and l e t  < be  equa l  
t o  t h e  d e v i a t i o n  ang le s  q  . Therefore ,  w e  have 
n  
1 
f ( q n )  = 1 qn exp (- - -) . 
(2nCT)'  2 CT 
Th i s  enab le s  one t o  a t t a c h  a  " temperature"  T 
t o  a  system of  meanders. 1% a  " n a t u r a l "  t empera ture  
(and en t ropy)  s c a l e  i s  in t roduced ,  t h e  cons t an t  C may 
b e  taken  a s  equa l  t o  1. Hence we have 
1 
f ( q n )  = 1 qn exp (- - -1. 
(2m)' 2 T 
I f  it i s  e m p i r i c a l l y  shown t h a t  t h e  Gaussian 
d i s t r i b u t i o n  i s  indeed v a l i d  f o r  t h e  ang le s  q , t h i s  
n 
imp l i e s  t h e  e x i s t e n c e  o f  a " t o t a l  energy analog H" 
f o r  t h e  meander system 
which i s  microcanonical ly  d i s t r i b u t e d  i n  t h e  t o t a l  
system. Such an energy analog, of course ,  a c t s  a s  a 
Hamiltonian func t ion  s o  t h a t  one can d e f i n e  q u a n t i t i e s  
x conjuga te  t o  q by t h e  r e l a t i o n  
n n 
We now note  t h a t  t h e  formalism of  Scheidegger 
(1967b) f o r  a meander system i s  r e a l l y  independent o f  
t h e  p h y s i c a l  s i g n i f i c a n c e  of  t h e  q u a n t i t y  q . Therefore ,  
n 
it i s  p o s s i b l e  t o  r e w r i t e  t h e  above equa t ions  a s  v a l i d  
f o r  a gene ra l  v a r i a b l e  q which may be  non-posi t ive .  
n ' 
We then  o b t a i n  t h e  fol lowing correspondences: 
where k i s  Boltzmannls cons t an t .  
where K = J d ~ n .  
(88) F = -T [ l n K  + % l n  (2n) + %In T ]  
= -T ( cons t an t  + % l n  T )  
(89) S = cons tan t  + % l n  T I  where S i s  t h e  en t ropy  analog.  
Furthermore, f o r  t h e  i n t e r n a l  energy analog E 
and 
where Q i s  t h e  q u a n t i t y  of  hea t  analog.  
Let  us !  v e r i f y  t h i s  f o r  t h e  case  where q i s  t h e  
n  
momentum i n  a  system of  N p a r t i c l e s .  L e t t i n g  q be  t h e  
n  
momentum p, we have 
where q  i s  a  convent ional  f a c t o r .  Therefore ,  we g e t  
Let  u s  s e t  
(94) 
where a i s  t h e  number of degrees  of  freedom; then  we 
have 
We can w r i t e  t h e  above equa t ion  a s  follows: 
Th i s  i s  e x a c t l y  t h e  p r i n c i p l e  o f  e q u i p a r t i t i o n  of  energy 
i n  thermodynamics. Hence once more we v e r i f y  t h e  
v a l i d i t y  o f  t h e  above correspondences.  Let  us  r e c a l l  
t h a t  t h e  cond i t i on  f o r  t h e  v a l i d i t y  o f  t h e  above 
r e l a t i o n s h i p s  i s  t h a t  t h e  d i s t r i b u t i o n  of  t h e  v a r i a b l e  
'Pn whatever t h e  l a t t e r  may r e p r e s e n t  phys i ca l ly ,  be  
Gaussian o r  normal. 
3. Carnot Cycle 
A s  we d i scussed  above, our thermodynamic analogy 
i s  j u s t i f i e d  f o r  a  non-posi t ive  t r a n s p o r t e d  q u a n t i t y  q . 
n 
Here we s h a l l  extend t h i s  i d e a  f u r t h e r  i n  o rde r  t o  confirm 
t h e  analogy a s  w e l l  a s  t o  apply t h e  i dea  of  a  Carnot cyc le .  

I n  Fig .  1 a Carnot c y c l e  i s  drawn w i t h  r e s p e c t  
t o  a (h-L) C a r t e s i a n  coo rd ina t e  system. The synibols 
have t h e  fol lowing meaning: 
'pn : t h e  g e n e r a l  v a r i a b l e s  w i t h  normal o r  
Gaussian d i s t r i b u t i o n ,  e .  g. momentum, 
average p rope r ty  concen t r a t i ons ,  d e v i a t i o n  
angles ,  e t c .  
11: t h e  q u a n t i t y  t o  be  added i n  t h e  t r a n s p o r t  
process .  
12: 
t h e  q u a n t i t y  t o  be  withdrawn from t h e  
t r a n s p o r t  p rocess .  
L : t h e  d i s t a n c e  over which t h e  t r a n s p o r t e d  
q u a n t i t y  i s  extended o r  compressed w i t h i n  
a u n i t  c r o s s - s e c t i o n a l  a r ea .  
2 h : t h e  q u a n t i t y  i d e n t i c a l l y  equa l  t o  'p o r  
n * 
t h e  analog of  t h e  thermodynamic temperature  T. 
I n  Fig .  1, t h e  p roces s  (1) corresponds t o  an 
i so thermal  p rocess  of  g e n e r a l  thermodynamics i n  which 
t h e  t r a n s p o r t e d  q u a n t i t y  i s  extended from L t o  L w i t h  1 2 
cons t an t  T provided a q u a n t i t y  I i s  added t o  t h e  1 * 1 
system i n  o rde r  t o  do so. The p roces s  ( 2 )  corresponds 
t o  an a d i a b a t i c  p rocess ,  i n  which t h e  t r a n s p o r t e d  
q u a n t i t y  i s  compressed from L t o  L w i t h  h changing from 2 3 
h t o  h2. The process  (3 )  happens a t  cons t an t  h w i th  1 2 
t h e  t r a n s p o r t e d  q u a n t i t y  compressed from L t o  L 3 4 -  
S i m i l a r l y ,  a q u a n t i t y  I i s  withdrawn from t h e  system i n  2 
order  t o  do so. The p roces s  (4 )  corresponds aga in  t o  
an a d i a b a t i c  p rocess  changing L t o  L 4 1' Now we have a 
complete cyc le .  Note: L3>L4, L2>L1, h2>hl. 
From t h e  analog t o  t h e  second law of  thermodynamics, 
we o b t a i n  
f o r  a r e v e r s i b l e  process .  Th i s  i s  another  i n d i c a t i o n  of  
t h e  conse rva t ion  law f o r  a g e n e r a l  non-posi t ive  t r a n s p o r t  
process .  The analogy between thermodynamic f u n c t i o n s  
and p h y s i c a l  q u a n t i t i e s  i n  our ca se  i s  then: 
2 i) t h e  temperature  analogy: T o qn = h 
ii) t h e  h e a t  analogy: dQ tr dI  
dQ iii) t h e  entropy analogy: dS = - dI  
T 
s d S = =  
7 
i v )  t h e  analog of t h e  q u a n t i t y  in t roduced  i n  a g iven  
system by d I ,  where i s  an analog of t h e  heat-  
c a p a c i t y  of t h e  quan t i t y :  
v) t h e  work analogy ( U  i s  a  p o t e n t i a l ,  W t h e  work o r  
work analogy) : 
u2 - u1 = Q + W c U  - U 1 = I + W  2  
o r  
v i )  t h e  p r e s s u r e  ana log  ( p  p re s su re ,  R gas  cons t an t ,  
V volume, A average a r e a )  : 
2 2 (100) 
= RT = cons t .  2 * p  = cons t .  = a 'Pn -
For t h e  Carnot cyc le ,  we formulate  t h e  equa t ions  
of  "work" W done by t h e  p roces s  o r  of work expended i n t o  
t h e  process .  L e t t i n g  t h e  s u b s c r i p t s  correspond t o  t h e  
o rde r  o f  t h e  processes ,  we have f o r  t h e  i so the rma l  
L 
- 
L q 2  2 
w = -JLt CY = -CY q2  =4 3 l o g  -- L3 
phases 
f o r  t h e  a d i a b a t i c  phases 
S ince  we can de f ine  q2 L = $ ( c o n s t . ) ,  we have 
S i m i l a r l y  we g e t  
- - 
A l l  q u a n t i t i e s  W have been de f ined  so  a s  t o  be  p o s i t i v e .  
F i n a l l y  t h e  " t o t a l  work" i s  i n  a  Carnot cyc le  
equa l  t o  t h e  d i f f e r e n c e  i n  q u a n t i t y  of  h e a t  analog: 
I 2  - I1 = W  + W  - W 1 - W  2 3 4 
- L - L 2 3 2 2 
= aCq2 104 ,- q1 l og  -1. 
4 Ll 
Thi s  i s  t h e  equ iva len t  of  t h e  f i r s t  p r i n c i p l e  of  thermo- 
dynamics. 
4. S t a b i l i t y  Condi t ions  
Next, we consider  t h e  s t a b i l i t y  cond i t ions  f o r  
a  non-posi t ive  t r a n s p o r t e d  quan t i ty .  The t a s k  is,  again,  
t o  a s s i g n  some non-negative q u a n t i t y  t o  a  non-posit ive 
t r a n s p o r t e d  q u a n t i t y .  We do t h i s  a s  it was done be fo re ,  
and w r i t e  
(.108) H = ~ I ' P ~  2 > 0 .  - 
H i s  c o n t r i b u t e d  t o  by t h e  component-systems w i t h  t h e  
1 2  
non-negat i v e  random v a r i a b l e s  - 2 "n ' It i s  i n t e r e s t i n g  
t o  n o t i c e  t h a t  q i t s e l f  may be nega t ive  i n  each sub- 
n  
system, i. e . ,  
It is  well-known t h a t  i n  t h e  thermodynamics o f  
i r r e v e r s i b l e  p rocesses ,  t h e  en t ropy  produc t ion  r a t e  a ,  
which i s  t h e  c h a r a c t e r i s t i c  s t a t e  v a r i a b l e ,  must have a  
minimum va lue  i n  t h e  s t a t i o n a r y  s t a t e .  This  cond i t i on  
must be  combined w i t h  t h e  a u x i l i a r y  cond i t i ons  t h a t  
s t i p u l a t e  t h a t  c e r t a i n  e x t e r n a l  " fo rces"  X .  a r e  kep t  
1 
f i x e d  a t  cons t an t  values .  
Reca l l i ng  t h e  phenomenological law, we have 
where J i s  t h e  f l u x  and X t h e  f o r c e  a c t i n g  on t h e  i - t h  i i 
" c e l l " .  I n  o rder  t o  t r a n s f e r  t h i s  t o  t r anspor t - t heo ry ,  
we must f i n d  t h e  ana logs  of J and X . Thi s  i s  b e s t  i 
accomplished i n  t h e  cont inuous case .  Assuming a  l i n e a r  
p rocess  a long t h e  x-axis ,  t h e  "index" i becomes t h e  
cont inuous coo rd ina t e  x l a b e l i n g  each " c e l l "  by i t s  
p o s i t i o n .  Then 
0 = J J'J (x)  X(x) dx 
o r  w i t h  t h e  u sua l  r e l a t i o n  f o r  t h e  thermodynamic fo rces :  
(113) o = JCJ (x)  grad  ~ ( x )  / T ~  (x )  1 dx 
I n  t h e  cont inuous ca se  t h e  random v a r i a b l e  q  i 
i s  b e s t  r ep l aced  by t h e  sum @(x) 
n= j  x 
(114.1 @, = 7 ' @(XI = J qn(x)  dx 
n="l qn const  
Then 
Thus, t h e  express ion  f o r  t h e  en t ropy  produc t ion  r a t e  becomes 
(117) 2 o = J ~ c J ( X )  g r ad  ( a y a ~ )  / (a@/ax) 1 = o 
'xeTruys axe suorqeTnaTea 
6urpuodsax~os ayL '(x)p xo3 apeu axe suorqdurnsse 
srgrsads 3r A~uo paqenTena aq ues uorssaxdxa qse~ ayq 
'sayqrquenb paq~odsuexq anrqrsod yqy~ ases ayq uy sy 
o = xp (xe/qe) / (xe~e) pex6 (x)rl [Q = 09 (8TT) 
z 
A~durs sy uorqrpuos mnmyuyu ayq pue 
D. STABILITY CONDITIONS FOR DISPLACEMENT PROCESSES I N  
POROUS MEDIA (SCHEIDEGGER, 1968) 
1. I n t r o d u c t i o n  
Displacement p roces ses  i n  porous media a r e  
important  i n  many connect ions .  The i n t r u s i o n  o f  was tes  
i n t o  groundwater-bearing s t r a t a  i s  such a p rocess ,  and 
s o  i s  t h e  displacement of  petroleum by water  o r  o t h e r  
f l u i d s  dur ing  t h e  commercial p roduc t ion  of  o i l  f i e l d s .  
It i s  g e n e r a l l y  found t h a t  such displacement p roces ses  
a r e  c h a r a c t e r i z e d  by t h e  slow o r  not s o  slow spread  o f  
t h e  " f r o n t "  between t h e  two f l u i d s  involved.  I n  t h i s  
connection,  it i s  of  g r e a t  importance t o  ga in  an under- 
s t and ing  of  t h e  mechanism a f f e c t i n g  t h e  s t a b i l i t y  o f  
such a displacement f r o n t .  Obviously, i f  such a f r o n t  
does not  immediately spread widely,  an envisaged p roces s  
may be u s e f u l  f o r  eng ineer ing  purposes,  whereas o ther -  
wise  it might not .  
2.  The Steady-State  Condi t ions  
The theory  of  t h e  s t eady- s t a t e  o f  a t r a n s p o r t  
p rocess ,  p r e sen ted  above i n  Sec. A, can immediately be  
app l i ed  t o  flow through porous media. 
Let  us  no te  t h a t  t h e  t o t a l  mass of  f l u i d  can be  
d iv ided  up i n t o  N smal l  c e l l s .  Then t h e  mass ( o f ,  say,  
a contaminant)  per  u n i t  c e l l  ( m . )  can be  made t o  correspond 
1 
t o  t h e  energy i n  each phase-ce l l  i n  s t a t i s t i c a l  thermodynamics. 
The average concen t r a t i on  i n  a c e l l  over t ime i s  then  
d i r e c t l y  analogous t o  t h e  temperature  i n  o rd ina ry  thermo- 
dynamics. The porous medium flow i s  then  desc r ibed  by 
t h e  mass per  u n i t  c e l l  ( m . ) .  
1 
The analogy between a thermal  f i e l d  and t h e  
porous medium then  main ta ins  t h e  fo l lowing  r e l a t i o n s :  
temperature  ( T )  -, mass per  u n i t  c e l l  ( m  = l / k p ) ,  0 
entropy (s)  - I n  mo + 2K + 1, where K =- I n  [C J(n/2) 1, 
i n t e r n a l  energy ( U )  -, 1/kp, 
work done (W) r aSV (mO/V) dv. 
S i m i l a r l y ,  one can o b t a i n  corresponding r e l a t i o n s  
f o r  t h e  thermodynamic func t ions .  Thus, we have t h e  follow- 
i n g  correspondences: 
energy p o t e n t i a l  (du) ( i n  d i f f e r e n t i a l s )  c dm - (m0 /v )dv ,  0 
Helmholtz 's  f r e e  energy (F )  c -m ( I n  mo C 2K) , 0 
Gibbs l s  f r e e  energy (a) c -m ( I n  m + 2K) + m S ~ V / V ,  0 0 0 
G i b b s l s  p o t e n t i a l  (Q) t-+ m (1 + dV/V), 0 S 
h e a t  c a p a c i t y  e 1. 
amount of  h e a t  ( Q )  + amount o f  t r a c e r ,  
h e a t  f low (J) + r e l a t i v e  f low of  t r a c e r  
( i . e . ,  flow r e l a t i v e  t o  mean f low of  s t r eam) .  
A s  was po in t ed  o u t  above, a  s t e a d y - s t a t e  i s  
c h a r a c t e r i z e d  by t h e  en t ropy  produc t ion  r a t e  be ing  a  
minimum. Thus i n  our  t r a n s p o r t  process ,  we w i l l  have 
r a d  m 
Xi d m 1  J dx. (119) 0 = -Jg 
m x  dx m 2 
0 
We t h u s  have t h e  c o r o l l a r y  from thermodynamics 
t h a t ,  i n  a  t r a n s p o r t  p rocess  t oo ,  t h e  s t eady  s t a t e  i s  
reached when t h e  produc t ion  r a t e  o f  entropy i s  a  minimum. 
I n  our ca se ,  t h e  t r a n s p o r t  of  t h e  p rope r ty  J 
i n  a  f l u i d  s t ream equa l s  t h e  amount of  p rope r ty  t r a n s p o r t e d  
(we c a l l  it t h e  " f lux"  o f  t h e  p rope r ty )  from a  r e s e r v o i r ,  
and i s  g iven  i n  u n i t s  per  u n i t  of f low a r e a  pe r  u n i t  o f  
t ime.  The r a t i o  J / m  w i l l  t hen  r e p r e s e n t  t h e  p r o p o r t i o n a l  
r a t e  o f  f l u x  of t h e  proper ty .  I n  a s t eady  s t a t e ,  t h e  
t ime r a t e  o f  f low of t h e  p rope r ty  i s  cons tan t .  Th i s  
occurs  when t h e  sum of  a l l  t h e  d i f f e r e n c e s  i n  t h e  r a t i o  
J / m  i s  a s  smal l  a s  poss ib l e .  Consider a  s e c t i o n  a t  a  
p o i n t  w i t h  t h e  p rope r ty  per  i n d i v i d u a l  c e l l  be ing  m and 
another  s e c t i o n  a t  a  d i s t a n c e  & i n  t h e  d i r e c t i o n  of  
f low w i t h  t h e  p rope r ty  be ing  m - ,kt. Thus t h e  change 
i n  t h e  r a t i o  i n  t h e  element k,  
i s  t o  b e  a  minimum, o r  
Jm' = a  minimum. 
- s A  2 
In 
Thi s  i s  t h e  analogue of  t h e  minimum entropy produc t ion  
p r i n c i p l e  i n  thermodynamics. 
3. S o l i t a r y  Dispers ion  
S o l i t a r y  d i s p e r s i o n  r e f e r s  t o  a  s p e c i a l  ca se  
o f  flow through porous media. Assume t h a t ,  i n  a  mixture  
of  a  g r e a t  number of subs tances ,  one i s  i n t e r e s t e d  on ly  
i n  one o f  t h e s e  substances .  I f  it i s  p o s s i b l e  t o  ignore  
t h e  behavior  of  a l l  t h e  subs tances  except  t h a t  under 
cons ide ra t ion ,  t h e  cond i t i ons  a r e  t hose  o f  " s o l i t a r y  d i s -  
pe r s ion"  f o r  t h a t  substance.  I n  o t h e r  words, t h e  sub- 
s t ance  under cons ide ra t ion  i s  cons idered  a s  s o l i t a r y  and 
i t s  d i s p e r s i o n  on ly  i s  of i n t e r e s t .  The mathematical  
fo rmula t ion  of t h i s  ca se  has  been p re sen ted  by Scheidegger 
(1967a).  We a r e  now i n t e r e s t e d  i n  t h e  s t eady- s t a t e  
a s p e c t s  of such s o l i t a r y  d i spe r s ion .  
We cons ider  a  l i n e a r  displacement only,  and denote 
t h e  (moving!) coo rd ina t e  ( r e l a t i v e  t o  t h e  mean flow) by x. 
I n  a  steady s t a t e ,  we have from general thermodynamic 
p r inc ip les ,  using the  analogy given above, 
o = - J5 J dx = minimum. 
m 
The question i s  what expression one should take 
for  J. A s  shown by Scheidegger (1967a), the re  a r e  two 
a  p r i o r i  p o s s i b i l i t i e s :  e i t h e r  J i s  a  function of m or a  
function of t he  gradient  of m. The mathematics of the  
minimum pr inc ip le  for  t he  two cases has already been 
inves t igated  by Tomkoria and Scheidegger T1967a) . 
Accordingly, l e t  us f i r s t  s e t  
Then, the  var ia t iona l  p r inc ip le  requires  
It  i s  evident t h a t  it i s  not possible t o  f ind  a  solut ion 
for  t h i s  case, i . e . ,  t he  Euler equation corresponding t o  
the  minimum entropy pr inc ip le  becomes an i den t i t y  s ince  
the  expression under t he  i n t e g r a l  s ign i s  a  t o t a l  
d i f f e r e n t i a l .  This r e s u l t  indica tes  t ha t ,  i n  t he  case 
under consideration, t he  general s t a t i s t i c a l  p r inc ip les  
per ta in ing t o  t he  steady s t a t e  do not lead t o  any s t a t e -  
ment of t he  m-profile. The r a t e  of f lux  must be otherwise 
presc r ibed ;  t hen  t h e  g r a d i e n t  of m i s  the reby  a l s o  de f ined  
and t h e  p r o f i l e  i s  determined wi thout  r e f e r e n c e  t o  any 
s t a t i s t i c a l  p r i n c i p l e s .  
We t r y  next  
a s  a  f i r s t  approximation t o  J be ing  a  func t ion  of g rad  m; 
i n  t h i s  case  t h e  minimization can be  performed; t h e  
s o l u t i o n  i s  
Thus, a  s o l u t i o n  can be found i n  t h i s  -case .  
We now wish t o  a s c e r t a i n  t h e  phys i ca l  s i g n i f i c a n c e  
f o r  t h e  above two cases  f o r  a c t u a l  displacement p rocesses .  
The two cases  d i scus sed  above a r e  t h e  t h e o r e t i c a l  l i m i t s  
i n  t h e  occurrence of  a  displacement process .  
The f i r s t  c a se  [J = ~ ( m ) ]  l e a d s  t o  a  Buckley- 
Leve re t t  equa t ion  ( c f .  Scheidegger,  1967a) a s  t h e  funda- 
mental equa t ion  f o r  t h e  d e s c r i p t i o n  of  t h e  process .  I t  
i s  c l e a r ,  now, t h a t  f o r  displacement p rocesses  desc r ibed  
by t h e  Buckley-Leverett equa t ion ,  no cond i t i on  f o r  s t a b i l i t y  
i s  ob ta ined  from s t a t i s t i c a l  cons ide ra t ions .  Indeed, a  
d i r e c t  i n s p e c t i o n  of  t h e  Buckley-Leverett equa t ions  
( see  Scheidegger, 1960, p. 2 2 4  f f )  shows t h a t  t h e  shape 
of t h e  s a t u r a t i o n  curve behind t h e  f r o n t  i s  f ixed  by 
e x t e r n a l  parameters and simply s t r e t c h e s  out  with time 
( t h e  breakthrough s a t u r a t i o n  i t s e l f  s t a y s  c o n s t a n t ) .  
Thus, t h e  Buckley-Leverett equat ions do not allow f o r  
s t a b i l i t y  t o  develop, which i s  cons i s t en t  wi th  t h e  r e s u l t s  
obtained here.  
Turning now t o  t h e  second case (J = a m t ) ,  we 
note  t h a t  it leads  t o  a  d i f f u s i v i t y  equat ion ( c f .  Scheidegger, 
1967a) a s  t h e  fundamental equat ion f o r  the  desc r ip t ion  of 
t h e  displacement process.  . I n  t h i s  case., t h e  s t a t i s t i c a l  
theory g ives  a  condi t ion  f o r  t h e  establishment of a  steady 
s t a t e .  The p r o f i l e  can have a r b i t r a r y  cons tan t s  C and C 1 2 
bu t  it i s  c l e a r  t h a t  C must be negat ive f o r  phys ica l ly  2 
meaningful r e s u l t s .  It should be noted, however, t h a t  
t h e  s teady-s ta te  p r o f i l e  a s  ca lcu la ted  i n  t h e  above 
fashion does not y i e l d  a  constant  mass-flux. J decreases  
wi th  d is tance  x.  It i s  evident ,  t he re fo re ,  t h a t  t h e  
ca lcu la ted  m-profile cannot apply t o  a  purely l i n e a r  pro- 
cess ,  inasmuch a s  a  conservat ion law f o r  mass must be 
observed. It could, f o r  ins tance ,  apply t o  a  system 
t h a t  widens out l a t e r a l l y  ( a t  r i g h t  angles  t o  t h e  x-axis ) .  
I f  t h e  process i s  l i n e a r ,  t h e  mass f l u x  i s  prescr ibed ,  
i . e . ,  cons t an t ;  t hen  t h e  g rad ien t  i s  thereby  a l s o  def ined,  
and t h e  p r o f i l e  i s  aga in  determined without  r e f e r e n c e  t o  
any s t a t i s t i c a l  p r i n c i p l e s .  I t  i s  w e l l  known t h a t ,  i n  
t h e  ca se  of  a  d i f f u s i v i t y  equa t ion ,  a  s t eady- s t a t e  
s o l u t i o n  i s  poss ib l e ,  which i s  g iven  by a  s t r a i g h t  l i n e  
where b and c  are c o n s t a n t s .  
We t h u s  have t h e  r e s u l t  t h a t  i n  one o f  t h e  p o s s i b l e  
t h e o r e t i c a l  l i m i t s  of s o l i t a r y  d i s p e r s i o n  [J = ~ ( m ) ]  no 
s t eady  s t a t e  i s  p o s s i b l e ,  i n  t h e  o t h e r  (J = ams) ,  a  
s t eady  s t a t e  i s  poss ib l e .  
The ranges  of a p p l i c a b i l i t y  o f  t h e  two l i m i t s  
a r e  such t h a t  t h e  ca se  J = J ( m )  a p p l i e s  b e s t  t o  immiscible, 
t h e  ca se  J = am1 t o  mi sc ib l e  displacement.  The above d i s -  
cus s ion  would i n d i c a t e ,  then ,  t h a t  i n  l i n e a r  immiscible 
displacements ,  no s teady  s t a t e s  a r e  poss ib l e ,  b u t  t h a t  
such s t a t e s  can be  achieved i n  mi sc ib l e  displacement.  
However, f o r  t h e  achievement o f  such a  s t eady  s t a t e ,  
very  s p e c i a l  boundary cond i t i ons  a r e  requi red :  i n  t h e  
movinq (wi th  pore  v e l o c i t y  V)  coord ina te  system, a  
cons t an t  m ( i . e .  s a t u r a t i o n )  must b e  maintained a t  two 
(moving! ) p o i n t s ,  say x, and x 2'  It is  c l e a r  t h a t ,  i n  
p r a c t i c a l  ca ses ,  no such cond i t i ons  can occur.  
4. Finqerinq 
I n  displacement processes  i n  porous media i n  
which t h e  d isp lac ing  f l u i d  i s  l e s s  viscous than t h e  d is -  
placed f l u i d ,  it has been observed t h a t  protuberances 
may occur which may shoot through t h e  porous medium a t  
comparatively g rea t  speed. This phenomenon i s  c a l l e d  
" f inger ing" .  A schematized drawing of such f i n g e r s  is  
shown i n  Figure 2 .  I n  connection wi th  f inger ing ,  it i s  
of importance t o  know whether a f ron t  with f i n g e r s  can 
become s t a b i l i z e d  ( i . e . ,  whether a steady s t a t e  can develop) 
or  whether it w i l l  forever grow. 
It i s  well-nigh impossible t o  c a l c u l a t e  i n  
d e t a i l  t h e  dynamics of f i n g e r s ,  including c a p i l l a r y  
pressure  e f f e c t s ,  viscous flow e f f e c t s  e t c .  Several  
models, represent ing  approximations t o  t h e  phys ica l  
condi t ions ,  have the re fo re  been t r i e d .  Since it i s  the  
long-range ( i n  time) behavior which i s  under cons idera t ion  
here,  it i s  t h e  macroscopic r a t h e r  than the  microscopic 
models of f inge r ing  which a r e  of s igni f icance  f o r  us. 
Such a model has  been devised by Scheidegger and Johnson 
(1961). 
Accordingly, consider a l i n e a r  displacement ex- 
periment p a r a l l e l ,  say, t o  t h e  x d i r e c t i o n  which progresses  
w i t h  t ime ( t ) .  For c e r t a i n  va lues  of  x  and t ,  t h e r e  w i l l  
b e  some f i n g e r s  p r e s e n t ,  a s  schemat ica l ly  drawn i n  
F igure  2.  The problem i s  t o  s e t  up a  determining equa t ion  
f o r  t h e  func t ion  
where m r e p r e s e n t s  t h e  average r e l a t i v e  a r e a  (mass!) by i 
t h e  i - t h  f l u i d  a t  l e v e l  x. 
By drawing an analogy wi th  an immiscible d i s -  
placement process ,  and making a  r a t h e r  s p e c i f i c  assumption 
r ega rd ing  t h e  " f i c t i t i o u s "  r e l a t i v e  permeabi l i ty  f o r  f l u i d  
1, Scheidegger and Johnson (1961) a r r i v e d  a t  a  Buckley- 
L e v e r e t t  equa t ion  f o r  m 1 
where P i s  t h e  p o r o s i t y  of t h e  medium, qx t h e  o v e r a l l -  
i n j e c t i o n  v e l o c i t y ,  and r t h e  f r a c t i o n a l  f low f o r  phase 
1 (primes denot ing d e r i v a t i v e s ) .  I n  t h i s  model, t h e  
r e l a t i v e  p e r m e a b i l i t i e s  a r e  l i n e a r  func t ions  of m . i 
With t h e  new formalism a t  hand, t h e  o r i g i n a l  
Scheidegger-Johnson model can now be cons iderab ly  genera l ized .  
We simply consider  t h e  e v o l u t i o n  of m .  ( x , t ) ,  i n  approximation, 
1 
a s  a  ca se  of  s o l i t a r y  d i spe r s ion .  The Scheidegger-Johnson 

model mentioned above i s  t h e n  simply a s p e c i a l  ca se  of  
t h i s  procedure.  
One can ask himself  how good such a model is.  
Undoubtedly, t h e  microdynamics o f  a f i n g e r  i s  a h i g h l y  
nonl inear  process .  I t  is ,  t h e r e f o r e ,  c e r t a i n l y  an over- 
s i m p l i f i c a t i o n  t o  assume t h a t  t h e  i n s t an t aneous  develop- 
ment of t h e  f i n g e r s  depends on ly  on t h e  average a r e a  
(o r  i t s  d e r i v a t i v e )  occupied by them a t  " l e v e l  x" .  I t  
i s  c l e a r  t h a t  t h e  p a r t i c u l a r  c o n f i g u r a t i o n  of f i n g e r s  w i l l  
have an e f f e c t  on t h e i r  evo lu t ion .  Never theless ,  s i n c e  
t h e  displacement engendered by f i n g e r s  i s  a type  of  
s o l i t a r y  displacement,  t h e  gene ra l  t heo ry  of s o l i t a r y  
displacements  presumably prov ides  a reasonable  approximation. 
I n  o rder  t o  make an e x t r a p o l a t i o n  of t h e  
Scheidegger-Johnson model t o  t h e  more gene ra l  theory ,  
it i s  f i r s t  necessary  t o  w r i t e  t h e  p e r t i n e n t  formulas i n  
t h e  Scheidegger-Johnson (1961) f i n g e r i n g  and s o l i t a r y  
d i s p e r s i o n  (Scheidegger,  1967a) t heo ry  i n  a compatible 
form. One has  i n  t h e  f i n g e r i n g  theory  t h e  Buckley- 
Leve re t t  equa t ion  g iven  above w i t h  
where p /p i s  t h e  v i s c o s i t y  r a t i o  of t h e  two f l u i d s  2 1 
involved. I n  s o l i t a r y  d i spe r s ion  theory,  one has 
where V i s  t h e  o v e r a l l  i n j e c t i o n  pore ve loc i ty  and y t h e  
flow-deviation. One has complete correspondence by 
s e t t i n g  
The above formulas r e f e r  t o  t h e  "Buckley- 
Levere t t"  l i m i t  of s o l i t a r y  d i spe r s ion  theory a s  appl ied 
t o  f inger ing .  The " d i f f u s i v i t y "  l i m i t  i s  reached i f  we 
s e t  
wi th  a  some constant .  The a c t u a l  behavior of t h e  f i n g e r s  
may be expected t o  l i e  between t h e  two l i m i t s  given. 
A s  noted above, no s t a t i o n a r y  s t a t e  i s  poss ib le  
f o r  a  displacement process  following t h e  Buckley-Leverett 
l i m i t ,  bu t  one i s  poss ib le  f o r  a  process  following t h e  
d i f f u s i v i t y  l i m i t .  However, a s  i n  t h e  previous sec t ion ,  
t h e  boundary condi t ions  can evident ly  not be s a t i s f i e d  
f o r  such a  case t o  occur. 
Thus, we have t h e  r e s u l t  t h a t  t h e  phenomenol- 
ogical-macroscopic theory  o f  f i n g e r i n g  i n  a u n i d i r e c t i o n a l  
displacement p rocess  does not permit  a  s teady  s t a t e  t o  
occur .  
One can ask himself  whether it may be  p o s s i b l e  
t h a t  r e a l  f i n g e r s ,  r a t h e r  t han  t h e  model f i n g e r s  d i s -  
cussed here ,  could s t a b i l i z e  a f t e r  t h e i r  i n i t i a t i o n .  
Undoubtedly, t h e  hydrodynamics a t  f i n g e r - t i p s  i s  a h igh ly  
non-l inear p rocess  and it may be  argued t h a t  a  s t a b i l i z a -  
t i o n  p o s s i b i l i t y  may have become l o s t  when t h e  model 
d i scussed  here  was in t roduced.  However, it should b e  
noted t h a t  t h e  Buckley-Leverett l i m i t  i s  a non-l inear 
theory ;  no s t a b i l i z a t i o n  i s  poss ib l e .  Moreover, Peace- 
man and Rachford (1962) p re sen ted  some numerical  c a l -  
c u l a t i o n s  based on a p e r u s a l  of  t h e  d i r e c t  dynamic equa t ions ;  
no s t a b i l i z a t i o n  was seen. Thus, none of t h e  t h e o r e t i c a l  
d e s c r i p t i o n s  of f i n g e r s  p o s s i b l e  t h u s  f a r ,  a l l  o f  which 
involve of  n e c e s s i t y  some approximations,  have ever  
i n d i c a t e d  t h e  p o s s i b i l i t y  of s t a b i l i z a t i o n  i n  a f i nge r -  
i n g  process .  
5. Conclusion 
The gene ra l  d i s c u s s i o n  of t h e  p o s s i b i l i t y  of  
t h e  development of a s teady  s t a t e  i n  f r o n t a l  displacement 
processes  w i t h  and without  " f i n g e r s "  i n  porous media 
p re sen ted  above shows t h a t ,  based on t h e  t h e o r i e s  a v a i l -  
a b l e  t o  da t e ,  such displacement p rocesses  always appear 
t o  be  uns t ab l e ;  i . e . ,  t h e  " l eng th"  of  t h e  " f r o n t "  over 
which t h e  t r a n s i t i o n  from t h e  d i s p l a c e d  f l u i d  t o  t h e  
d i s p l a c i n g  one occurs ,  grows i n d e f i n i t e l y .  
E. A NEW COMPUTER MODEL FOR POROUS MBDIUM FLOW (LIAO AND 
SCHEIDEGGER, 1968) 
1. I n t r o d u c t i o n  
I n  water  r e sou rces  problems, one f i n d s  i n s t a n c e s  
where t h e  branching of  flow channels  i s  of  g r e a t  i n t e r e s t :  
channels  e i t h e r  s p l i t  o r  combine, forming the reby  a net-  
work. An in s t ance  of s p l i t t i n g  flow channels  i s  found 
i n  mi sc ib l e  displacement i n  a porous medium. Misc ib le  
displacement i n  a porous medium i s  e s s e n t i a l l y  a d i s p e r s i v e  
process  ( s e e  e.g.  Scheidegger,  1960).  There a r e  a number 
of  t h e o r i e s ,  mostly based on some type  of  s t a t i s t i c a l  
mechanics, which a t tempt  t o  account f o r  t h e  d i s p e r s i o n  
i n  a porous medium. It  i s  one of  t h e  aims of  t h e  p re sen t  
s e c t i o n  a c t u a l l y  t o  model such a p roces s  on a computer. 
I n  t h i s ,  we conf ine  ou r se lves  t o  a l i n e a r  p rocess  and 
fol low t h e  spread  of  a "spot"  of (misc ib le )  "dye" i n  an 
o v e r a l l  s tream flowing through a porous medium. 
I n  s e t t i n g  up a s u i t a b l e  model f o r  d i s p e r s i o n  
processes  i n  porous media, we r e f e r  t o  t h e  view o f  t h e  
passage of f l u i d  p a r t i c l e s  through such a medium a s  a 
s t o c h a s t i c  p rocess .  For t h e  purposes o f  t h i s  s e c t i o n ,  we 
cons ider  only  l i n e a r  p rocesses .  
There a r e ,  of  course ,  many ways by which a  
s t o c h a s t i c  p rocess  can be modeled on a  computer. We 
choose a  p a r t i c u l a r  approach i n  which t h e  pore  space i s  
cons idered  a s  a  random medium i n  which t h e  f l u i d  moves. 
By v i r t u e  o f  t h e  e rgod ic  hypothes i s ,  t h e  cons ide ra t ion  
of  ensembles o f  such random media i s  equ iva l en t  t o  t h e  
c o n s i d e r a t i o n  of a  t ime-evolut ionary s t o c h a s t i c  p rocess ,  
v iz .  o f  t h e  motion of  t h e  f l u i d  through t h e  porous medium. 
Let us  now envisage t h a t  a  u n i t  mass o f  f o r e i g n  
(mi sc ib l e )  f l u i d  e n t e r s  a  porous medium a t  t ime t = 0 a t  
a  p a r t i c u l a r  l e v e l .  This  f l u i d ,  then ,  w i l l  spread 
through t h e  medium by an e s s e n t i a l l y  branching-type pro- 
cess .  For t h e  sake of  s i m p l i c i t y ,  l e t  u s  assume t h a t  
each " junc t ion"  of  f low pa ths  i s  only a  b i f u r c a t i n g  
junct ion.  Then, t h e  u n i t  mass i n j e c t e d  w i l l  spread i n  
a  geomet r ica l  form which, i n  graph theory ,  i s  c a l l e d  a  
' ' b i fu rca t ing  arborescence"  ( s e e  e.g. Berge, 1958) . I n  
any p a r t i c u l a r  case ,  we might assume t h a t  one o b t a i n s  a  
p a r t i c u l a r  b i f u r c a t i n g  arborescence wi th  a  c e r t a i n  number 
of  pendant ( f r e e )  v e r t i c e s .  We b r i n g  i n  t h e  i dea  o f  
randomness of  t h e  medium by cons ider ing  not  one p a r t i c u l a r  
graph, b u t  t h e  ensemble o f  a l l  p o s s i b l e  graphs w i t h  a  
given number of  pendant v e r t i c e s .  For c a l c u l a t i n g  expecta-  
t i o n  values ,  we assume t h a t  every  p o s s i b l e  arborescence 
w i t h i n  t h e  g iven  ensemble i s  e q u a l l y  probable .  A s  noted 
above, by v i r t u e  o f  t h e  e rgod ic  hypothes i s ,  t h e  expecta-  
t i o n  value f o r  t h e  p o s i t i o n  of t h e  f l u i d  taken  over an 
ensemble o f  graphs w i l l  b e  equa l  t o  t h e  expec t a t i on  value 
f o r  t h e  p o s i t i o n  of  t h e  f l u i d  a s  a  r e s u l t  of  a  s t o c h a s t i c  
branching process .  
I n  t h i s  view of  f low of  f l u i d s  through a  porous 
medium, t h e  recombination of  f low channels  may be  neglected.  
We a r e  not  concerned i n  t h i s ,  l i n e a r ,  theory  w i t h  t h e  
a c t u a l  sideways spread  of t h e  t r a c e r ;  hence, an arborescence 
"spreading" from i t s  r o o t  i s  on ly  a  t o p o l o g i c a l  model of  
t h e  process  i n  ques t ion ;  i n  f a c t ,  some of  t h e  v e r t i c e s  
reached may i n  a c t u a l i t y  b e  i d e n t i c a l  i n  space. 
Thus, we cons ider  t h e  ensemble of  a l l  p o s s i b l e  
b i f u r c a t i n g  arborescences  w i t h  a  given number n  of pendant 
v e r t i c e s .  The number N of d i f f e r e n t  such graphs i s  ( s e e  
e.g. Berge, 1958) 
Every arborescence under cons ide ra t ion  has  a  c e r t a i n  
maximum and mean "he igh t . "  The maximum "he igh t "  h  
max 
i n d i c a t e s  t h e  maximum d i s t a n c e  a t  which some f r e e  v e r t i c e s  
a r e  s i t u a t e d  from t h e  r o o t ,  t h e  mean he igh t  h  
mean 
i n d i c a t e s  t h e  mean d i s t a n c e  o f  t h e  f r e e  v e r t i c e s  from t h e  
r o o t  and t h e  ze ros  w i l l  have a  c e r t a i n  s t anda rd  var iance  




and a w i l l  have a  c e r t a i n  d i s t r i b u t i o n  h  
over t h e  ensemble, 
- 
t h e i r  mean va lues ,  and 
2 
a i n d i c a t e  t h e  d i s p e r s i o n  occu r r ing  by t h e  s t o c h a s t i c  h  
process .  The aim, then ,  is  t o  c a l c u l a t e  t h e  va lues  of 
- - 
h  h  2 and a f o r  ensembles of  arborescences .  
max' mean' h  
2.  The Method of  C a l c u l a t i o n  
I n  order  t o  gene ra t e  graphs  on a  computer, it 
i s  f i r s t  of a l l  necessary t o  have a  s u i t a b l e  numerical  
r e p r e s e n t a t i o n  of same. I n  t h i s  i n s t ance ,  t h e  represen ta -  
t i o n  of  arborescences  due t o  Lukasiewicz ( s e e  Berge, 1958) 
i s  p a r t i c u l a r l y  convenient:  One r e p r e s e n t s  t h e  mathematical  
arborescence w i t h  n  pendant v e r t i c e s  by a  l e f t - t o - r  i g h t  
sequence ( a  "word") o f  2n-1 numbers, c o n s i s t i n g  of  n  
ze ros  and n-1 ones.  The word i s  ob ta ined  from t h e  graph 
by p u t t i n g  1 f o r  each junc t ion ,  ze ro  f o r  each pendant 
v e r t e x  and read ing  t h e  graph from i t s  r o o t  a t  t h e  t o p  
t o  t h e  bottom and from t h e  l e f t  t o  t h e  r i g h t  ( s e e  F igure  3 ) .  
Conversely, a  "word" of n  ze ros  and n-1 ones 
d e s c r i b e s  one and only one b i f u r c a t i n g  arborescence.  Such 
a word i s  determined on ly  up t o  c y c l i c  permutat ions .  Of 
a l l  t h e  p o s s i b l e  c y c l i c  permutat ions  of  a p a r t i c u l a r  
word, one and on ly  one has  t h e  easy  correspondence 
w i t h  t h e  graph, s t a r t i n g  t h e  " read ing"  o f  t h e  graph from 
i t s  r o o t  a t  t h e  top.  
I n  p r i n c i p l e ,  t h e  t a s k  is,  thus ,  t o  enumerate 
a l l  p o s s i b l e  graphs  f o r  a g iven  number n o f  pendant 
v e r t i c e s .  However, t h e  nuniber N of  d i f f e r e n t  graphs  i n  
an ensemble ( s e e  Equation (135) )  r a p i d l y  g e t s  very l a rge .  
An e s t i m a t e  ( u s i n g  S t i r l i n g t s  formula) f o r  n = 20 a l r eady  
9 y i e l d s  N w 1 .8  x 10 . Since  t h e  gene ra t ion  of  one word 
and t h e  c a l c u l a t i o n  of  h 2 and a t a k e s  a t ime of  t h e  
max ' h 
o rde r  of  one mi l l i s econd  on a l a r g e  and f a s t  computer, 
it i s  ev iden t  t h a t  many days of  computer t ime would be  
r e q u i r e d  t o  enumerate p o s s i b l e  graphs  i f  n i s  reason- 
a b l e  l a r g e  ( s ay  >20).  
One has  no o t h e r  choice ,  then,  b u t  t o  sample 
t h e  p o s s i b l e  words by a Monte Car lo  technique,  This  i s  
done by random-generating words of a g iven l eng th ,  
possess ing  t h e  r e q u i r e d  number of  ze ros  and ones. Th i s  
i s  b e s t  achieved by us ing  an a v a i l a b l e  random number 
genera tor  whose va lues  X range from 0.0 t o  1 .0 ,  I f  X>C, 
we assume t h a t  a  1 i s  generated,  i f  X<C, a  zero,  where C 
3;s 2 OM 
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i s  t h e  p r o b a b i l i t y  fo r  drawing a  zero from t h e  avai l -  
ab le  zeros and ones ( i f  X=C, t h e  t r i a l  i s  r e j e c t e d ) .  
This number C changes a f t e r  every "draw" depending on 
what number of zeros and ones a r e  l e f t  f o r  t h e  word 
being generated. 
I n  t h i s  fashion,  a  word containing t h e  r i g h t  
number of zeros and ones i s  obtained. The next s t e p  i s  
t o  f i n d  t h e  r i g h t  s t a r t i n g  poin t  through c y c l i c  permuta- 
t i o n  of t h e  random-generated word. The program t e s t s  
every poss ib le  s t a r t i n g  pos i t ion ,  but  only one g ives  a  
coherent "graph"; t h i s  i s  the  c o r r e c t  one. 
Next, the  maximum h and mean h  he igh t s  
max mean 
of t h e  random-generated graphs a r e  ca lcula ted .  For each 
zero,  one f i n s  i t s  d i s t ance  h  from t h e  vertex;  the  maximum i 
of these  numbers t h e  mean value i s  h  
mean 
h  _ - ' Z h  - 
mean n  i 
fo r  t h e  p a r t i c u l a r  graph under considerat ion.  Of i n t e r e s t  
i s  a l s o  t h e  s tandard devia t ion  a  of t h e  he igh t s  of t h e  h  
graph under considerat ion.  
0 2 , 1  
h n  c (hi - h mean 
s i n c e  t h i s  g ives  t h e  spread of t h e  pendant v e r t i c e s  
i n  t h e  graph around t h e i r  mean p o s i t i o n .  
Then, t h e  va lues  of h and h 2 and o a r e  
max mean h 
s t o r e d  f o r  every graph generated.  A reasonable  number 




h 2 and o a r e  c a l c u l a t e d  from t h e  corresponding 
meanJ h 
s t o r e d  values .  
The program was w r i t t e n  i n  FASTRAN language 
and executed on t h e  7094-1401 IBM system of  t h e  Un ive r s i t y  
of  I l l i n o i s .  
3 .  R e s u l t s  
I n  t h e  c a l c u l a t i o n s  mentioned i n  t h e  l a s t  s e c t i o n ,  




a f l u i d  stream a t  a c e r t a i n  t ime,  then ,  o i s  t h e  spread h 
of t h e  dye around i t s  mean p o s i t i o n .  The envisaged 
phenomenon i s  one-dimensional. Since,  from phenomenological 
cons ider  a t  ions ,  
- 
h = V t  
mean 
where t i s  t ime and V t h e  o v e r a l l  i n j e c t i o n  pore-ve loc i ty ,  




u n i t s ,  and p l o t  o a g a i n s t  h h This  has  been done i n  mean' 
F igure  4 on a l i n e a r  and i n  F igure  5 on a log-log s c a l e .  
- 
A t  the  same time, h  shows t he  outer  l i m i t  t o  which t he  
max 
-. 
dye has proceeded; t h i s  a l so  i s  p lo t t ed  agains t  h  i n  
mean 
Figures 4 and 5. Since the  graphic representa t ion  of t he  
r e s u l t s  i s  of necessi ty somewhat inaccurate,  t he  ac tua l l y  
obtained numbers a re  presented i n  Table 1. 
For a  discussion of t he  r e s u l t s ,  one must r e f e r  
t o  t h e  general  theory of d ispers ive  processes. The mean 
square deviat ion i s  proport ional  t o  time 
where D i s  t he  d i f f u s i v i t y  constant.  Thus, a  p lo t  of 
- 
2 
a against  h  h  a s  i n  Figure 4 r e a l l y  represents  a  mean 
p lo t  of D t  against  V t ,  o r ,  fo r  f ixed t ,  a  p lo t  of D 
against  V. 
According t o  t h e  general  theory of miscible 
displacement, t he  r e l a t i o n  between D and V fo r  miscible 
displacement should l i e  between the  extremes 
and 
L 
D - - V  
(see  Scheidegger, 1960, p. 259). 
h max 
- - 
F I G U R E  4 PLOT O F  oh2 AND h AGAINST h THE 
m a x  m e a n '  
VALUE O F  n (NUMBER O F  PENDANT V E R T I C E S )  
I S  ALSO I N D I C A T E D  
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An inspection of Figure 4 shows tha t  the  curve 
2 - 
of oh against h  indeed approximates a parabola. A 
mean -
2 
closer  check, shown i n  Figure 5, where a has been plot ted  h  
against  h  on log-log paper shows almost a  s t r a igh t  
mean 
l i n e  fo r  the  re la t ionsh ip  i n  question, with a  slope 
s l i g h t l y  above 2.  Of the  two possible extremal cases 
the  present model, therefore,  tends t o  favor the  second. 
TABLE 1 
RESULTS FOR MODZL O F  FLOW THROUGH. POROUS MEDIUM 
h h Number of Number of cr 
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